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Introduction
The automotive industry is continuously developing new elec-
trified powertrain architectures and vehicle technologies to 
optimize vehicle fuel consumption and reduce carbon dioxide 
(CO2) and other pollutant emissions to withstand the regula-
tions. According to the European Community (EU) statistics 
(Ref. 1) transportation accounts for 20% of total energy use and 
is responsible for around 25% of the total EU emissions of car-
bon dioxide, the main greenhouse gas. The European regulation 
2019/631 has set a new EU fleet-wide CO2 emission targets, as a 
percentage reduction starting from 2021 points: 15% reduction 
from 2025 on and 37.5% from 2030 on. In the USA, transpor-
tation accounts for 28% of total energy use and is responsible 
for 33% of total CO2 emission. The USA national program for 
greenhouse gas emissions (GHG) and fuel economy standards 
for light-duty vehicles (passenger cars and trucks) was devel-
oped jointly by EPA and the National Highway Traffic Safety 
Administration (NHTSA). NHTSA and the EPA are propos-
ing the “Safer Affordable Fuel-Efficient (SAFE) Vehicles Rule 
for Model Years 2021–2026 Passenger Cars and Light Trucks” 
(Ref. 1). The SAFE Vehicles Rule, if finalized, will establish new 
standards for Corporate Average Fuel Economy (CAFE) and tail-
pipe Green House Gas (GHG) emission standards for passenger 
cars and light trucks covering model years 2021 through 2026.

Some of the main drivers of powertrain electrification are 
the improved efficiency of the architectures, the displacement 
of fossil fuel as a primary energy source, the reduced impact 
on the environment (at the site of utilization), and the reduced 
cost of fueling. The electrified vehicles architectures actually on 
the market can be divided in Hybrid Electric Vehicles (HEV), 
Plug-In Hybrid Electric Vehicles (PHEV), Battery Electric 
Vehicle (BEV, AEV) and Fuel Cell Electric Vehicles (FCEV).

The HEV (hybrid electric vehicle) vehicle carries both an inter-
nal combustion and an electric propulsion system: for space and 
weight reasons, the latter uses a small battery; generally, both are 
capable of moving the car.

The PHEV (plug-in hybrid electric vehicle) configuration 
has almost universally replaced the HEV layout from which it 
derives, enhancing its charging capabilities via a grid connec-
tion, typically only in AC.

In the BEV (battery electric vehicle) architecture, electric 
energy enters the vehicle as alternate current (going through 
an AC/DC converter) or direct current according to the type of 
charger. From here it goes through an inverter to be fed to the 
electric motor, typically AC synchronous. Wheels are also con-
nected to a generator for the recuperation of braking energy.

The FCEV (fuel cell electric vehicles) vehicle has an electric 
propulsion system with the electric energy coming from the fuel 
cell stack where hydrogen is oxidized; such energy can be fed 
either directly to the electric motor or to the small battery.

The change from conventional vehicles to vehicles propelled 
by Electric Drive Units (EDUs) leads to a reduction in over-
all vehicle exterior and interior noise levels, especially during 
low-speed vehicle operation. Even though the radiated sound 
power of EV is lower than internal combustion engine (ICE) 
powered vehicles, the NVH behavior of such vehicles can be 
objectionable due to the presence of tonal noise coming from 
electric machines and gear train components as well as the high-
frequency noise generated by the DC/AC converters. Advanced 
simulation of the EDU’s NVH behavior in the design phase is 
thus critical to fulfill the vehicle NVH integration process and 
reduce the time to market (TTM).

Two target setting approaches for transmission and electric 
motor NVH are presented in (Ref. 2): the “vehicle-centric” syn-
thesization of component level noise data to the vehicle inte-
rior (using specific or generic transfer function data) and the 
“component level” definition of noise targets, allowing efficient 
assessment of component NVH performance. Various aspects of 
the EDU NVH development process are qualitatively described 
in (Ref. 3) and the areas to be addressed during the develop-
ment for optimized NVH behavior are identified concerning 
geartrain, electric motor, and power electronics; a state of the art 
regarding these topics is performed in the following.

Figure 1  Campbell plot of the case study transmission.

Printed with permission of the copyright holder, the American Gear Manufacturers Association, 1001 N. Fairfax Street, Fifth Floor, Alexandria, VA 22314-1587. Statements 
presented in this paper are those of the author(s) and may not represent the position or opinion of the American Gear Manufacturers Association.

58 GEAR TECHNOLOGY | January-February 2021
[www.geartechnology.com]

technical



The theory regarding the fundamentals of geartrain NVH 
optimization is well explained in the books of Smith (Ref. 4) 
and Beranek (Ref. 5). An effective literature survey of gear 
noise and vibration has been conducted by Akerblom (Ref. 6), 
concerning gear noise excitation, dynamic models, and gear 
noise and vibration measurement. Several studies on the non-
linear dynamics of gear transmissions, both spur, and plan-
etary, have been conducted worldwide by research institutes 
such as the Gear Lab at Ohio State University (Refs. 7–10), 
the “Gear Research center (FZG)” at Technical University of 
Munich (Refs. 11–14), and Powertrain Laboratory at University 
of Modena and Reggio Emilia (Refs. 15–18).

The electric motor (EM) and power electronics NVH per-
formance is a key consideration in the design of EDUs. The 
high-frequency noise generated by the electromagnetic force 
of EM and the high-frequency umbrella shape noise of DC/
AD converters is subjectively quite annoying, thus many OEMs 
and research institutes have addressed the problem. The funda-
mental concepts to improve the noise performance of electrical 
motors at the design stage are explained in (Ref. 19). Kang has 
analyzed the electromagnetic noise of an EM in a pure electric 
car (Ref. 20), providing an effective state of the art.

This paper addresses a methodology for NVH analysis and 
simulation of an automotive E-axle. The theoretical calculation of 
a Campbell diagram including electrical and mechanical orders 
is presented and a constrained modal analysis of the system on 
mountings is performed to calculate its natural frequencies.

The electric axle is modeled as a fully flexible multibody sys-
tem after having applied the Craig-Bampton modal reduction 
technique, whose details are discussed in this paper, to all bod-
ies. The forced response is calculated at a constant speed of the 
electric motor. NVH performance of high-contact ratio gears 
(HCR) is evaluated with respect to standard ISO-53 gear profile 
A. For this purpose, peak-to-peak transmission error (PPTE), 
gear meshing, and bearing forces are compared for both config-
urations. The effect of the housing stiffness is investigated.

Housing equivalent radiated power (ERP) resulting from both 
ISO-53 profile A and HCR gears simulation is compared showing 
the reduction of surface normal velocities. The critical areas for 
the design of the housing are shown by means of contour plots.

E-Axle Noise and Vibration Analysis
Campbell diagram of a mechanical transmission. The 
Campbell diagram represents the vibration frequencies of a sys-
tem at various operating speeds. A typical Campbell diagram 
plot is shown (Fig. 1): the system frequency is along the X-axis 
and the electric motor speed is along the Y-axis. This study is 
necessary to determine if a natural frequency is excited by run-
ning frequency or its harmonics and if orders coming from 
different sources overlap, which must be avoided. In the follow-
ing, calculation of the excitation frequencies (also called excita-
tion orders) of both electrical and mechanical components is 
presented.

Shaft unbalance and misalignment excitation orders. All 
rotating machines produce vibrations that typically arise from 
the system dynamics faults such as shaft misalignment and rotor 
unbalance. The ISO 1940 (Ref. 21) defines unbalance as: “that 
condition, which exists in a rotor when vibratory, force or motion 

is imparted to its bearings as a result of centrifugal forces,”and 
gives specifications for balance tolerances, and methods for veri-
fying the residual unbalance.

For all types of unbalance, the FFT spectrum will show a pre-
dominant 1 × rpm frequency of vibration, or equivalently, an 
excitation order equal to 1. The vibration force produced by an 
unbalance mass Mu is represented by:

(1)Fu = Mu ∙ r ∙ ω2 sin (ωt)

where time t is in seconds. The vibration amplitude at the 
1 × rpm frequency varies proportionally to the square of the 
rotational speed.

Shaft misalignment, as unbalance, is a major cause of machin-
ery vibration. There are two types of misalignment: parallel and 
angular misalignment. With parallel misalignment, the shaft 
centerlines are parallel, but they have an offset; with angular 
misalignment, the shaft centerline meets at an angle with each 
other. As explained in (Ref. 22), angular misalignment results in 
axial vibrations at the 1 × rpm and 2 × rpm frequency; parallel 
misalignment results in a 2 × rpm vibration in the radial direc-
tion that approaches a 180° phase difference across the coupling. 
When either angular or parallel misalignment is severe, it can 
generate high-amplitude peaks at higher harmonics (3× to 8×).

Gear excitation orders. The spectrum of any electric axle 
shows a range of frequencies related to gear mesh frequency 
(GMF). The fundamental gear mesh frequency fm is calculated 
as the product of the number of teeth of a pinion z1 (or a gear 
z2), and its respective shaft frequency fs1  (fs2):

(2)fm = z ∙ fs

The amplitude of the gear meshing frequency is usually 
related to the transmitted load, thus vibration analysis of the 
e-axle should be conducted at the maximum power. Sidebands 

Figure 2  Gear mesh frequency.
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around the gear mesh frequency, having a frequency fm ± the 
shafts rotational frequencies fs1, fs2 and its harmonics are quite 
common due to gear faults such as wear, defects, misalignment, 
and eccentricity. A description of sidebands related to gearing 
defects is presented in (Ref. 22).

In automotive e-axles, epicyclic gearboxes are often used due 
to the high-power density. In epicyclic systems, planet gears are 
mounted on a movable carrier revolving about a central gear 
with a fixed axis (Fig. 3). For the simple case where the sun gear 
represents the input and the carrier the output, with the ring 
gear fixed, the fundamental mesh frequency is calculated as:

(3)
fm = zr ∙ nc = zr ∙ zs = ns

60 zr + zs 60
Where zr and zs are, respectively, the ring gear and sun gear 

number of teeth, nc and ns are respectively the carrier and the 
sun shaft rotational speeds.

An analysis of sidebands for epicyclic gearbox can be found, 
e.g., in (Refs. 23–24). Different combinations of input/output 
or more complex schemes are described in ANSI/AGMA 6123-
C16 (Ref. 25).

Bearings excitation orders. The vibrations related to the 
bearings can be either tonal or broadband. Tonal vibrations 
in new bearings are generally caused by production imperfec-
tions (Ref. 23), including, but not limited to, the cases when the 
stiffness of both inner and outer rings is not ideal and they get 
ovalized due to the clamping for grinding. Broadband vibra-
tions originate from the defects of raceways and rolling elements 
imperfections; a smooth operation is thus expected when bear-
ings are new. The SKF company has published a comprehensive 
analysis of bearing damage and failure modes (Ref. 26), and a 

guide to the interpretation of vibration signals (Refs. 27–28). In 
the following, calculation of the main bearing defect frequencies 
is presented as a function of the ball bearing dimensions and 
other bearings’ geometric parameters (Table 1).

Fundamental train frequency (FTF)
The fundamental train frequency is related to defects affecting 
the rotation of the cage; the rotational frequency of the bearing 
cage may be calculated as:

(4) 
fFTF = rps ∙ (1– Db ∙ cos β)2 PD

Ball pass frequency of the outer race (BPFO)
The ball pass frequency of the outer race is the frequency of the 
rolling elements passing by a defect located on the outer race-
way; it can be calculated as:

(5)
fBPFO = n ∙ rps ∙ (1– Db ∙ cos β)2 PD

Ball pass frequency of the inner race (BPFI)
The ball pass frequency of the inner race is the frequency of the 
rolling elements passing by a defect located on the inner race-
way; it can be calculated as:

(6)
fBPFI = n ∙ rps ∙ (1+ Db ∙ cos β)2 PD

Ball-spin/roller frequency (BSF)
The ball-spin/roller frequency is the frequency related to the 
impacts of the rolling element with either the inner or the outer 
race; it can be calculated as:

(7)
fBSF = n ∙ rps ∙[1– ( Db cos β)2]2 ∙ Db PD

Electric machine excitation orders. The noise of an electric 
motor is caused by the electromagnetic force in the air gap, 
exciting the stator and the motor casing. The electromagnetic 
force can be decomposed in a tangential force, generating the 
e-motor torque, and a radial force responsible for the e-motor 
noise which does not affect the operation of the e-motor. The 
electromagnetic excitation force is influenced by the design 
parameters of the electric motor, such as the motor topology 
(number of poles and slots), the shape of the poles and slots, 
the shape of the current, and several other parameters. Based 
on the theoretical calculation formulas reported in (Ref. 20), the 
frequency characteristics and spatial order characteristics of the 
electromagnetic radial force of a permanent magnet synchro-
nous motor are obtained (Ref. 29). Table 2 lists the main electro-
magnetic frequencies fm. where p is the number of pole pairs, s is 
the number of stator slots, f is the motor rotational frequency in 
Hz, k=0,1,2,3…, k1=0,1,2,3…, n=6k±1).

Excitation orders of the case study e-axle. The electric axle Figure 3  An epicyclic gearbox.

Table 1 Bearing geometric parameters
Outer diameter D1

Bore diameter D2

Pitch diameter PD =~ D1+D2

2
Rolling element diameter Db

Contact angle β
Number of rolling elements n

Revolutions per second (or relative speed 
difference between outer and inner race) rps

Table 2  Main electric motor frequencies of radial force wave in 
synchronous motors

Product of the stator spatial 
harmonics of the same number f1=2pnf

Product of the rotor spatial harmonics 
of the same number f2=2pn (1±2k1) f

Product of the stator winding and 
rotor spatial harmonics f3=2pn (1+k1 )f and f3=2pnk1 f

Interaction of the rotor magnetic field 
and the slotted core of the stator f4=pμλ f where μλ=int [ks ]p
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analyzed in the following is a single-speed, two-stage gearbox 
powering the front wheels of an electric vehicle (Fig. 4).

Power is supplied by a permanent magnet synchronous motor 
to the input shaft, through a spline connection. The electric 
machine has 2p = 6 poles and s = 36 stator slots. The output gear 
stage is integral to the differential case. The modeling of the dif-
ferential stage is not considered in the present paper.

Table 3 reports gears macrogeometry data for two 
designs — low-contact ratio (LCR) gears and high-contact ratio 
(HCR) gears — with a transverse contact ratio εα > 2. For both 
designs, first-stage gear mesh order is 23.00 and the second-
stage gear mesh order is 9.98; order 1 is referred to electric 
machine shaft.

Table 4 shows bearings selection for the electric axle, and main 
excitation orders. For the bearings of the intermediate and out-
put shafts, calculated orders are divided by 53/23 and 53/2389/23 
respectively, in order to report them to the electric machine.

In Table 5 main calculated electric machine orders are 
reported. A practical design rule is to avoid overlapping mul-
tiples of the number of poles with gear mesh orders (distance 

between orders should be at least 3%). On the case study elec-
tric axle, however, electric machine order 24 is very close to 
the first-stage gear mesh order, 23, and the third harmonic of 
the second-stage gear mesh order, 9.98, matches the electric 
machine order 30 (Fig. 1).

Multibody simulation approach. Dynamic response of the 
electric axle to the inputs such as electric machine torque (mean 
and ripple torque), presence of unbalanced forces, misalign-
ments etc. has to be evaluated in order to predict the displace-
ment and acceleration levels on the housing and noise emission.
• To this purpose, multibody tools are adopted where each 

body is representative of a certain substructure. Considering 
the case of an electric axle, one might consider the following 
bodies:

• Housing with its supports, the outer cages of bearings, the sta-
tor of the electric machine

• Rotor of the electric machine
• Each rotating shaft with gears and inner cages of supporting 

bearings
Then, connections between bodies through joints must be 

set up. General joints (force-displacement and force-velocity 
laws) can be used to model spline connections and the presence 
of mountings; specific joints should be adopted to model gears 
(shaft-shaft) and bearings (shaft-housing) connections.

According to multi-body theory, the displacement field of each 
substructure is described with a linear combination of suitable 
shape functions (i.e. — modes). The size of the numerical problem 
can be significantly reduced if only shape functions related to the 

Table 5 Electric motor excitation frequencies
Product of the stator spatial harmonics of 

the same number 6, 30, 42, …

Product of the rotor spatial harmonics of 
the same number 6, 18, 30, 42, …

Product of the stator winding and rotor 
spatial harmonics 6, 12, 18, 24, 30, 36, 42, …

Interaction of the rotor magnetic field and 
the slotted core of the stator 36, 72, …

Figure 4  E-axle layout in KISSsys.

Table 3 Gears data and meshing orders for the LCR and HCR gears

Gear Parameters I stage II stage
Gear 1 Gear 2 Gear 3 Gear 4

Number of teeth z [-] 23 53 23 89
Helix angle at reference circle β [°] 30 15

Normal pressure angle αn [°] 20 20
Normal module mn [mm] 2.5 2.6

Profile shift coefficient x* [-] 0.0163 -0.6682 0.4706 -0.6659
Face width  b [mm] 25 23 40 38

Center distance  a [mm] 107.99 150.22
Gear Mesh Excitation order GMF 23.00 9.98

Gear profile LCR h*
fP/ρ*

fP/h*
aP 1.25/0.38/1.00 1.25/0.38/1.00 1.25/0.38/1.00 1.25/0.38/1.00

Gear profile HCR h*
fP/ρ*

fP/h*
aP 1.80/0.19/1.35 1.60/0.29/1.60 1.60/0.29/1.35 1.60/0.29/1.45

Transverse contact ratio LCR
εα [-] 1.43 1.53

Transverse contact ratio HCR 2.05 2.10
Overlap ratio εβ [-] 1.46 1.20

Table 4 Bearings dimensions and excitation orders
Bearing Type D1 [mm] D2 [mm] n [mm] PD [mm] Db [mm] n [-] β [°] FTF BPFO BPFI BSF

b1 – EM rotor Ball Bearing 50 90 20 70.00 12.7 10 0 0.41 4.09 5.91 2.67
b2 – EM rotor Ball Bearing 50 110 27 80.00 19.1 8 0 0.38 3.05 4.95 1.98

B1 – Input (EM side) Ball Bearing 45 85 19 65.00 12.3 10 0 0.41 4.05 5.95 2.55
B2 – Input Ball Bearing 45 85 19 65.00 12.3 10 0 0.41 4.05 5.95 2.55

B3 – Intermediate Ball Bearing 50 90 20 70.00 12.7 10 0 0.18 1.77 2.55 1.15
B4 – Intermediate Ball Bearing 50 90 20 70.00 12.7 10 0 0.18 1.77 2.55 1.15

B5 – Output Taper roller bearing 80 110 20 94.67 7.4 34 NA - - - -
B6 – Output Taper roller bearing 80 110 20 94.67 7.4 34 NA - - - -
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frequency range of interest are considered (Ref. 30).
Modal analysis. Modal analysis is the process of determining 

the dynamic characteristics of a system in forms of natural fre-
quencies, damping factors, and mode shapes and using them to 
formulate a mathematical model to describe its dynamic behav-
ior (Ref. 31). Free vibrations of an MDOF {x} system can be 
studied, starting from its undamped equation of motion:

(8)[M]{ẍ}+[K]{x}={0}

where {r} is the mass matrix, usually positive definite, is the stiff-
ness matrix which is semi-positive definite in case the system 
shows rigid body modes (as in the case of an electric axle on 
its mountings). The non-trivial solution of Equation 8 provides 
the free vibration of the system. Imposing a type of motion for 
which all Lagrangian coordinates depend on the same time 
function, i.e. {x}={ϕ} sin(ωt), leads to:

(9)(–ω2 [M]{ẍ}+[K]){ϕ}={0}
Non-trivial solutions are those for which the matrix (–

ω2 [M]+[K]) is singular:
(10)det (–ω2 [M]{ẍ}+[K])={0}

Equation 10 represents an Eigenvalue problem, where ω2 is 
the Eigenvalue (the square of the natural frequency of the sys-
tem) and {ϕ} is the Eigenvector (the mode shape).

Electric axles are supported by mountings, whose main pur-
pose is to isolate the disturbance coming from the system itself 
from the vehicle structure. To determine the six low-frequency 
rigid modes the mass matrix assumes the following form:

(11)

[M] =[ m 0 0 0 0 0 ]0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Jxx –Jxy –Jxz
0 0 0 –Jyx Jyy –Jyz
0 0 0 –Jzx –Jzy Jzz

where m is the total mass of the system and Jij represents the 
components of the mass moment of inertia tensor around each 
axis. The stiffness matrix depends on mountings characteristics 
in terms of static and dynamic stiffness (Ref. 32).

The first flexible modes usually encountered for an electric 
axle are related to the bending modes of the supports which 
connect the housing to the mountings. These modes can lead to 
NVH disturbances for the driver if they propagate towards the 
vehicle structure interacting with other dynamic systems in a 
certain frequency band; i.e. — in a certain range of vehicle speed.

To overcome issues of this type, it might be necessary to 
increase the supports stiffness-to-mass ratio corresponding to 
the disturbing mode to exit the interest frequency band or to 
reduce vibration; for example, by utilizing a tuned mass damper.

Other potential sources of noise are membrane modes of the 
housing or of other components mounted on it, such as the 
inverter. So, in the design phase, apart from strength calculation 
also modal characteristics of the system must be considered in 
order to avoid NVH issues.

Modal reduction techniques.In structural dynamics, finite 
element models are adopted to represent the dynamic behav-
ior of a substructure. These models are often too refined and 
have millions of DOFs, therefore solving dynamic problems 
may result in unfeasible computation times. Thus, component 
model reduction methods are adopted, whose idea is modal 

superposition, i.e. — nodal displacements are written as a linear 
combination of normal modes {ϕj} and modal amplitudes ηj:

(12){x}=∑m
j=1{ϕj}ηj

The general form of the equations of motion for each sub-
structure reads:

(13)[M]{ẍ}+[C]{ẋ }+[K]{x}={p}+{g}
where [M]is the substructure mass matrix, [C] is the damping 
matrix, [K] is the stiffness matrix and {p}+{g} is the force vec-
tor; {p} denotes the externally applied forces and {g} the forces 
coming from the neighboring substructures. The reduction is 
performed transforming the set of original DOFs {x} into a set 
of generalized DOFs {q} via the transformation matrix [R]:

(14){x}=[R]{q}
[R] is the reduction basis, whose dimensions are n×r. The 
reduced set of DOFs (r) should be small with respect to the 
original set of DOFs (n), for an efficient reduction.

Substituting Equation (14) into Equation (13) leads to:
(15)[M][R]{q̈}+[C][R]{q̇}+[K][R]{q}={p}+{g}+{r}

where {r} is the error arising from the fact that the reduced set 
of DOFs does not span the full solution space. An error is only 
allowed in the space not spanned by the reduction basis, i.e. [R]
T {r}=0. The projection of Equation (15) onto the reduction basis 
gives:

(16)[R]T [M][R]{q̈}+[R]T[C][R]{q̇}+[R]T [K][R]{q}=[R]T {p}+[R]T {g}
i.e.:

(17)[ ~M]{q̈}+[ ~C]{q̇}+[ ~K]{q}={~p}+{~g}

Generally, a basis is built from a set of vibration modes, which 
contain information of the substructure’s dynamic behavior, and 
a set of static modes, which represent the static deformation 
caused by neighboring substructures (Ref. 33).

The Craig-Bampton method. In the Craig-Bampton method 
(Ref. 34) the substructure DOFs are divided into boundary and 
interface DOFs, each of them referring to a specific node-set in 
the finite element model:

The vibrational information is the set of fixed-interface vibra-
tion modes; the substructure is fixed at its boundary DOFs and 
analysis is done to obtain the Eigenmodes.

Constraint modes are used to represent the static deformation 
of a substructure caused by neighboring substructures.

Fixed-interface vibration modes can be computed by con-
straining the boundary DOFs. The first step is the partitioning 
of DOFs into the boundary {xb} and internal {xi}. By neglecting 
the damping, Equation (13) can be written as:

(18)[ [Mbb] [Mbi] ]{{ẍb}]+{[Kbb] [Kbi]}+{ {pb}+{gb} }[Mib] [Mii] {ẍi} [Kib] [Kii] {0}

where {gb} contains the reaction forces with neighboring sub-
structures. Constraining the boundary DOFs ({xb}={0}) leads to:

(19)[Mii]{ẍi}+[Kii]{xi}={0}

That can be solved as an Eigenvalue problem:
(20)(–ω2

i,j [Mii]+[Kii]){ϕi,j}={0}

The result is the set of Eigenmodes and Eigenfrequencies of the 
substructure constrained at its boundary DOFs (fixed-interface 
vibration modes):

(21){xi}=[ϕi]{ηi}
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Constraint modes contain the substructure static response to 
an applied boundary displacement. They are in fact representa-
tive of the static deformation due to a unit displacement applied 
to one of the boundary DOFs, while the remaining boundary 
DOFs are restrained, and no forces are applied to the internal 
DOFs.

The first step is again partitioning of the DOFs into the 
boundary and internal, which leads to Equation (18). The sec-
ond equation, neglecting the inertia forces, reads:

(22)[Kib]{xb}+[Kii]{xi}={0}

From which:
(23){xi}=–[Kii]–1[Kib]{xb}

The columns of the static condensation matrix –[Kii]–1[Kib] 
contain the static modes, which represent the static response of 
the internal DOFs {xi} for a unit displacement of the boundary 
DOFs {xb}.

The original set of DOFs can thus be reduced to a set of 
boundary DOFs, as:

(24){xb }=[ [I] ]{xb}=[ [I] ]{xb}=[ψC]{xb}xi –[Kii]–1 [Kib] [ψC,i]

Once constraint modes and fixed-interface vibration modes 
have been obtained, the displacement field {xb} of the interface 
nodes can be written through the superposition of the static and 
dynamic modes, and it is a function of the displacement field of 
the boundary nodes only; this is a crucial point of every con-
densation method:

(25){xi}=[ψC,i]{xb}+[ϕi]{ηi}
The reduction basis therefore yields:

(26){xb }={ {xb} }=[ [I] [0] ]{{xb}}=[RCB]{{xb}}xi [ψC,i]{xb}+[ϕi]{ηi} [ψC,i] [ϕi] {ηi} {ηi}

Finally,[ ~M]=[RCB]T [M][RCB] and [ ~K]=[RCB]T [K][RCB].

The generalized DOFs vector contains both physical displace-
ments of the boundary nodes {xb} and modal coordinates {ni}.

The first advantage of the Craig-Bampton method is the fact 
that both the constraint modes and the fixed-interface vibration 

Table 6 Microgeometry modifications for LCR gearset

Microgeometry modifications [] - LCR
I stage II stage

Gear 1 Gear 2 Gear 3 Gear 4
Flank crowning 10 - 3 -

Helix angle modification -5 - -3 -
Tip relief (Long) 15 (dCa =67.78 mm) 15 (dCa=151.59 mm) 15 (dCa =62.29 mm) 12 (dCa =235.96 mm)

Profile crowning 3 - - -
Pressure angle modification -2 - -4 -

Table 7 Microgeometry modifications for HCR gearset

Microgeometry modifications [] - HCR I stage II stage
Gear 1 Gear 2 Gear 3 Gear 4

Flank crowning 8 - 10 -
Helix angle modification -5 - -2 -2

Tip relief (Long) 14 (dCa =67.02 mm) 14 (dCa =150.60 mm) 15 (dCa =62.75 mm) 15 (dCa =238.50 mm)
Profile crowning - - - -

Pressure angle modification - - -5 -

Figure 5  Effect of modifications on the contact pattern and static PPTE calculated in KISSsoft.
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modes can be easily computed. Then, in the reduced system, the 
original boundary DOFs are retained, allowing to add or replace 
substructures without having to analyze again the full model. In 
fact, the system’s substructures are connected with joints at the 
boundary nodes.

E-axle noise and vibration simulation. The simulations are 
carried out for performance improvement evaluation of the 
HCR gears with respect to the LCR gears regarding the peak-
to-peak transmission error (PPTE), gear meshing, and bear-
ing forces. Housing equivalent radiated power (ERP) resulting 
from HCR gear simulation is analyzed. Gear microgeometry 
modifications (Tables 1 and 2) have been designed with the help 
of KISSsys: helix angle modification and crowning have been 
adopted to reduce the face load factor KHβ, while tip relief and 
profile crowning have been adopted to eliminate contact shock 
and reduce the PPTE. Details on the methodology to design 
gear microgeometry are reported in (Ref. 35).

The following results are obtained for an input torque of 
60 nm (nearly 50% of the rated torque) at 1,000 rpm.

Constrained modal analysis. Constrained modal analysis of 
the E-axle on its mountings has been performed to evaluate the 
system’s natural frequencies. Firstly, ten eigenfrequencies are 
listed in Table 3.

The scope of this analysis is to predict the interaction of 
the main excitation orders with the system natural modes. In 
Figure 6, an extended Campbell diagram is shown, reporting the 
main excitation orders together with the system eigenfrequen-
cies and the electric motor speed adopted for the multibody 
simulations (1,000 rpm). When these frequencies intersect the 
excitation orders, an amplification of the response is expected.

Forced response analysis. The forced response analysis is per-
formed using Recurdyn a multi-body dynamics (MBD) software, 
importing gears data from a KISSsys model. Four simulations 
have been performed according to the following scheme:
1. LCR and HCR gearset, rigid housing
2.  LCR and HCR gearset, flexible housing

LCR and HCR gearset – rigid housing. To better understand 
the effect of a higher transverse contact ratio on the dynamic 
transmission error and gear meshing force (thus on dynamic 
forces loading the bearings), the first simulation is carried out 
with rigid housing; the main excitation orders are as follows 
(Fig. 1):
• Orders 23 and 46: respectively, first and second harmonics of 

the gear mesh frequency for the first stage.
• Orders 10, 20 and 30: respectively, first, second and third har-

monic of the gear mesh frequency for the second stage.

In Figure 7, the dynamic transmission error is plotted for both 
the gear stages. Furthermore, the harmonic spectrum of the Table 8 E-axle modes of vibration

Frequency [Hz]
Mode 1 238 Mode 6 487
Mode 2 273 Mode 7 577
Mode 3 296 Mode 8 589
Mode 4 387 Mode 9 639
Mode 5 412 Mode 10 719

Figure 6  Extended Campbell plot including system Eigen frequencies 
and EM speed adopted for the multibody simulations.

Figure 7  Transmission error and its harmonic content.
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signal is analyzed. Results confirm a significant reduction in the 
amplitudes of the meshing orders for both the first and second 
stages of the transmission.

In Figure  8, gear meshing forces are plotted and their har-
monic content is analyzed. For the first drop, the dominant 
orders are the ones related to the gear meshing frequencies of 
the first reduction stage; for the second drop, apart from order 
10 and its harmonics, the presence of order 23 is especially 
remarkable for the LCR gearset.

In Figure  10, transmission bearing forces are compared, 
and the signal spectrum is shown. Since the bearings transmit 
the dynamic load to the housing, a reduction of the harmonic 
content of the bearing forces leads to a reduction in the hous-
ing excitation, which eventually results in an overall noise level 
reduction; bearings are named according to Figure 9.

For all bearings, the force peak-to-peak has decreased, as well, 
most of the harmonics have been reduced by substituting the 

Figure 8  Gear meshing force and its harmonic content.

Figure 9  Transmission bearings layout in Recurdyn.

Figure 10  Bearings forces FM.
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Figure 10  Bearings forces FM. (con't)

Figure 11  Transmission error and its harmonic content – flexible housing.
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LCR gearset with the HCR gearset. For bearings B1 and B2 on 
the input shaft, main orders are related to the first-stage gear 
meshing frequency and its harmonics. For bearings B3 and 
B4 on the intermediate shaft, GMFs of both first- and second-
stages are present. For bearings B5 and B6 on the output shaft, 
main orders are related to second-stage gear meshing frequency 
and its harmonics.

LCR vs. HCR – flexible housing. In the following, the results 
of multi-body simulation with flexible housing are shown. The 
transmission error is plotted (Fig. 11) for both gear stages and 
in both time and frequency domains. Regarding gear meshing 
orders, as expected, the HCR gearset has a lower TE ampli-
tude compared to the LCR gearset. Sidebands appear because 
the gear meshing frequency is modulated by shaft rotational 
orders (as previously explained). Shaft rotational orders, calcu-
lated by means of the reduction ratios of both gear stages, are 

respectively 1 for the input shaft, 0.48 for the intermediate shaft 
and 0.11 for the output shaft. The amplitude of the orders is 
remarkably similar between the LCR and HCR gearsets, since 
it is mainly due to the presence of misalignments and runout 
induced by different bearing clearances.

Gear meshing forces are shown (Fig. 12) confirming a sig-
nificant reduction of the harmonic content for the HCR gearset 
compared to the LCR gearset.

Figure 13 shows bearing forces together with signal spectrum. 
The comparison among the LCR and HCR gearset shows a 
remarkable improvement on bearing forces, and consequently, 
amplitude of the signal harmonics is substantially reduced.

Figure 12  Gear meshing force and its harmonic content – flexible housing.

Figure 13  Bearings forces FM – flexible housing.

67January-February 2021 | GEAR TECHNOLOGY



Figure 13  Bearings forces FM – flexible housing. (con't)

Figure 14  ERP plot comparison: LCR (left) – HCR (right).
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Housing acoustic ERP. Acoustic equivalent radiated power 
(ERP) is defined as:

(27)eERP=fRLF ∙ ½ ∙ C ∙ ρ ∙ ∑(Ai ∙ vi
2)

where fRLF is the radiation loss factor, C is sound velocity, ρ is the 
density of a target material that transfers the vibration (i.e. — the 
noise) as, for example air, Ai is the area on the i-th flexible panel 
and vi is the face normal velocity on the i-th flexible panel; fur-
ther details can be found in (Ref. 36).

In Figure  14 the comparison among LCR gearset and HCR 
gearset is presented in terms of equivalent radiated power: the 
brighter regions are representative of a higher sound power 
radiation, confirming the effectiveness of adopting HCR gears 
for NVH improvement.

The contour plot is very helpful to understand which is the 
contribution of each housing panel to the overall noise emis-
sion, and to address subsequent design modifications (local 
stiffening of the housing, e.g. — by means of ribs).

Conclusions
A methodology to analyze NVH performances of an automo-
tive e-axle was addressed in the present paper. The proposed EV 
transmission was then designed using KISSsys and considering 
the gear microgeometry.

An extended Campbell diagram including the electrical and 
mechanical orders, together with the Eigenfrequencies of the 
constrained system, was calculated. Furthermore, the electric 
was modeled as a fully flexible multi-body system, and the 
forced response was calculated at the constant speed of the elec-
tric motor.

The NVH performance of high-contact ratio gears (HCR) 
was then evaluated with respect to standard ISO-53 gear pro-
file A. Peak-to-peak transmission error (PPTE), gear meshing, 
and bearing forces have been compared for both configurations, 
showing the improvement of the HCR gears compared to the 
LCR gears on the NVH performance of the e-axle.

Finally, housing equivalent-radiated powers (ERP), resulting 
from both ISO-53 profile A and HCR gears simulations, have 
been compared showing the reduction of surface normal veloci-
ties. The critical areas for the design of the housing have been 
shown by means of contour plots.

Design improvements of the housing to minimize equivalent 
radiated power will be the object of further analysis. 
For more information.
Questions or comments regarding this paper?
Contact Davide Marano at marano@gear-lab.it.
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