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Introduction
The hybrid vehicles seem to be the fast-
est solution for the containment of con-
sumption and of pollution for personal 
transportation.

The designer of a hybrid transmis-
sion has to address additional issues with 
respect to the classical cases, in particular 
the high speed of the electric unit and the 
bidirectional motor/generator operation. 
In this case, a lot of attention should be 
paid to how to consider the four combi-
nations of signs for torque and speed in 
the load spectrum for the gear calcula-
tion. The paper presents some topics, 
like several approaches for the alternating 
bending factor, the effects of the asym-
metric crowning (especially the helix 
modification, tapered or parallel) and 
how to consider the housing stiffness in 
the TCA.

Finally, the paper presents an interest-
ing solution from the kinematic point of 
view, the compound planetary, relatively 
well known in the automotive, but much 
less so in the industrial gearboxes design.

The data presented in the paper are 
taken from some recent jobs of the 
author. For reasons of confidential-
ity (the projects are still under develop-
ment) there will be not quantification of 
the parameters, but only the description 
of the procedures followed, with details 
indicated in the bibliographical reference, 
and of the software used. The latter two 
types of information are probably the 
most interesting part of the paper, since 
they enable the reader to repeat the pro-
cedures by himself on his own context. 
The paper is therefore almost a guideline 
for the designers.

The need to reduce air pollution 
has led to the introduction of electric 
engines for the propulsion of road vehi-
cles. Without making a general intro-
duction in this regard, suffice it to say 
that the design of the transmission for 

this new type of vehicle requires special 
attention. A comprehensive discussion 
on the subject is available in (Ref. 1). This 
paper examines two cases addressed by 
the author: the optimization of a single-
gear transmission (two helical stages 
speed reducer) for full electric vehicles 
and the design and optimization of the 
transmission for a hybrid vehicle. The 
topics discussed in the first case provide a 
basis for the second case, which involves 
greater kinematic complexity because it 
is based on a compound epicyclic. In par-
ticular, the paper presents the calculation 
method, critical points, bibliographical 
references and software tools. More infor-
mation about this type of automotive 
transmission are in (Refs. 2–3).

Single-Speed Transmission 
with Double-Stage Helical Gear 
Reduction
Two different configurations were exam-
ined for different applications. The first 
one is more classic and simple, and the 
second one is more compact (Fig. 1). 
The same approach, described below, 

has been followed for both cases: some 
macro-geometric configurations had 
been proposed (module, number of teeth, 
pressure angle, helix angle, tooth height) 
with the need to optimize the micro-
geometry, i.e. the contact pattern. Several 
applications (for different vehicles) were 
studied in the first case, and only one in 
the second.

Contact pattern optimization. An 
optimization procedure starts with the 
definition of one or more objectives, 
variables “to play with” and constraints 
to respect. The contact pattern between 
gears is not only a “visual” objective and 
an analytical expression is necessary to 
be able to proceed with numerical opti-
mization. The contact pattern should 
be expressed and evaluated as an objec-
tive metric. Two parallel procedures are 
followed.

Crowning. The effect of the crown-
ing can be quantified with the root and 
flank safeties in accordance with ISO 
6336 (Ref. 4), as long as the real distribu-
tion of the load along the flank is taken 
into account. In this regard, the method 

Figure 1  Two different layouts for 2-stage single-speed transmission.

50 GEAR TECHNOLOGY | May 2019
[www.geartechnology.com]

technical



described in ISO 6336-1 Annex E was 
used, considering the micro-geometry 
of the gears and the deformation of the 
shafts. This leads to reliable results in a 
short time and provides the value of the 
KHβ factor necessary for the calculation of 
the load capacity. The implementation of 
this method, which utilizes single dimen-
sion LTCA, is described in (Ref. 5). SF 
and SH are thus the objective, i.e. — how 
these values have been calculated using 
the load spectrum.

The variables chosen are the two 
dimensions separately defining the two 
components of the asymmetric crowning, 
set as the sum of the symmetric crown-
ing and the helix angle modification. 
The helix angle modification, conical 
(tapered) or parallel, has been added as a 
further variable.

Tip relief. After selection of the opti-
mal (asymmetric) crowning, the tip relief 
is determined in order to minimize the 
PPTE (Peak to Peak Transmission Error) 
and peak contact pressure. Since these 
values depend on the load, a graph has 
been made on various torques levels, 
letting the human eye choose the relief 
value leading to the graph of PPTE with-
out high value at lower torque.

Alternating bending, drive & coast 
flanks and spectrum. As stated previ-
ously, the first problem faced was to cal-
culate SF and SH with the load spectrum 
in Table 1. ISO 6336-5 explains how to 
calculate cumulative damage with the 
Palmgren-Miner’s Rule. This method is 
widely used but is only valid when the 
driving gear is the same one and the drive 
flank does not change. In the present 
case, however, the spectrum shows all 
four combinations of signs for the torque 
and speed, since the electric engine acts 
as a motor or brake in one direction and 
the other. It is therefore necessary to 
take this into account in calculating the 

Figure 2  Asymmetric crowning (blue) = symmetric crowning (green) + helix angle 
modification (red).

Figure 3  PPTE and max pressure in different load condition from 1 to 100% of the Max Torque, with different microgeometry solutions.

Table 1  Load spectrum with mixed sign on torque and speed; shows torque and speed 
factors with respect to nominal data

% Time (Σ = 100) % Torque % Speed
 3.673 100.000 100
10.034 100.000 200
1.233 100.000 400

10.116 72.370 600
11.062 61.852 –800
2.558 30.701 1000

10.697 33.333 1200
0.032 29.630 1400
6.125 –81.580 –100
2.221 –81.481 200
10.693 –81.481 333
6.280 –81.481 467
2.060 –71.370 600
3.453 –55.556 720
12.002 –48.148 890
7.762 –40.741 1000
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bending (which is neither pulsating nor 
fully reversing) and pitting, for which the 
number of hours on each flank is not the 
same and it is also different for bending 
calculation. For each line of the spectrum 
the KHβ factor (function of the crowning 
and the deformation of the shafts) must 
obviously be recalculated.

For the calculation of surface durabil-
ity, two separate calculations are made, 
one for each flank, each for the number 
of hours actually occurring on that flank, 
as shown from the spectrum. The flank 
safety is the lowest of those calculated.

The calculation of tooth bending 
strength is a little more complex.

The rules for the calculation of the load 
capacity of gears show the fatigue limits 
of materials with one way bending. In the 
case of fully reversing bending, AGMA 
2001-D04 (Ref. 6) states that this should 
be reduced to 70%.

ISO 6336-5:2016 also reduces resistance 
for fully reversing bending to 70%. In the 
other cases, ISO 6336-3:2006 Annex B 
states that it should be dimensioned by 
a YM factor, a function of the stress ratio 
(i.e. the ratio between the loads on the two 
flanks of the same tooth), of the material 

and, for case hardened gears, of the tooth 
root form (Table 2).

(1)
YM = 1

1 – R 1 – M
1 + M

where

R = –1.2 ∙
load per unit facewidth of the lower 

loaded flank
load per unit facewidth of the 

higher loaded flank
 M considers the mean stress influence on the 

endurance (or static) strength amplitudes, 
and is defined as the reduction of the 
endurance strength amplitude for a certain 
increase of the mean stress divided by that 
increase of the mean stress, as defined in 
6336-3:2006 Annex B
Table 2  Mean stress ratio, M (Ref. 4)

Material M
Case hardened 0.8 + 0.15 Ys

Case hardened and 
shot peened 0.4

A few years ago, a paper was presented 
on how to calculate this reduction in 
fatigue resistance for alternating bend-
ing according to the theories of Gerber 
and Goodman (Ref. 7). Both theories put 
YM at levels lower than 0.7 for pure alter-
nated bending, respectively 0.569 and 
0.699.

The same “evolution” can also be 

seen in the change in YM from 0.7 to 0.65 
shown in the two subsequent editions of 
the book on cylindrical gears (Refs. 8–9). 
This shows the formulation for interme-
diate cases, referring to the number of 
inversions, with the stress factor in any 
case unchanged, i.e. with the same value 
of force applied to the two flanks (Fig. 4).

For the calculation here, it was chosen 
the formulation most adapted to the data 
contained in the spectrum involved. As 
explained in (Ref. 10), two calculations 
are performed:
1. with YM = 1 for the lines with positive 

torque and YM = 0.7 for those with neg-
ative torque

2. with YM = 0.7 for the lines with positive 
torque and YM = 1 for those with nega-
tive torque

The final safety SF is the best between 
the two (not the worst). This is called 
the “most realistic” one because, since 
the number of inversions is not known, 
choosing the worst value (as done how-
ever in the calculation for pitting) would 
be excessively conservative. It should 
be observed that the spectrum used is 
already condensed and does not repre-
sent the actual load history (in the sense 
of chronological sequence); the change 
between positive and negative sign of 
the spectrum lines does not repre-
sent a change in the functioning of the 
transmission.

Contributions to the contact pattern. 
As discussed previously, the contact pat-
tern is a function of the shaft micro-
geometry (to be optimized) and the shaft 
deformation. The latter is affected by the 
stiffness of the gear body, the shaft, the 
casing, the bearings (with the operating 
clearance) and the accuracy of the bear-
ings arrangements.

A detailed description of the method 
used is available in (Ref. 11). A model of 
the entire transmission has been made for 
making a totally automatic iterative cal-
culation without operator intervention. 
The calculation is as follows:
1. Kinematic calculation of the gears 

(forces acting on the tooth)
2. Application to the shafts of the forces 

calculated in the previous point
3. Calculation of the reactions, consider-

ing only the stiffness of the bearings 
with the relative pretension

4. Calculation of the displacement of 
bearings housing on the casing (FEM)

5. Calculation of the real deformation of 
Figure 4  Alternating fatigue according to (Ref. 8) (1) e (Ref. 9) (2).
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the shaft
6. LTCA on gears with the 

misalignments
7. Updating of the figures in point 1 

and repetition of the calculation until 
convergence.

The shaft calculation was conducted 
according the Timoshenko Beam the-
ory. The bearings stiffness calculated 
as explained in ISO/TS 16281 (Ref. 12). 
Detailed geometric data of the bear-
ings were requested from the producer, 
that provided also a software (Ref. 13) 
to check the results. The contribution 
of casing stiffness was taken into con-
sideration by exporting from FEM the 
condensed stiffness matrix in the geo-
metrical centers of the bearings (Ref. 14) 
and importing it to the calculation 
model. The contribution of the stiffness 
of the gear body was also considered in 
the model. The FEM used in this case 
is open-source (Ref. 15). Without these 
integration from the various software, 
allowing for exchange of data (loads and 
deformation) without operator inter-
vention, the calculation of deformation 
would have simply been one-shot and less 

accurate.
Among the results of this calculation, 

it was also decided to include the various 
lives of the bearings (Ref. 16), with the 
accumulated damage method, also taking 
into account contamination of the oil on 
each single bearing. The maximum con-
tact pressure was calculated too, because 
this value is a good indicator of bearing 
operation conditions.

Optimization algorithm. It has been 
previously mentioned the two separate 
calculations for contact optimization on 
the two directions of the flank and of the 
tooth profile. Now that all the interac-
tions of the model are known, the algo-
rithms behind them can be examined. 
As already explained, in this phase a pro-
fessional optimizer was not used as was 
done for the study (Ref. 17), but two dif-
ferent research loops are simply defined.

For longitudinal optimization, the 4 
variables for crowning and helical modi-
fication were evaluated on 10 values, 10 
times from 1% to 100% of the nominal 
torque. To avoid the proliferation of solu-
tions (up to 105), the corrections of the 
two gears are increased synchronously, 

thus obtaining only 103 variants. The 
range of variants for the crowning was 
from 0 to double the value necessary to 
compensate the deformations at the max-
imum torque. For the helix modification, 
variation was between the two values that 
are positive/negative opposites to the 
one suggested, thus transiting through 0. 
It was observed that on the basis of the 
spectrum, for configuration of Figure1a, 
the optimal micro-geometry consisted of 
helical corrections that were sometimes 
parallel and sometimes conical, in a way 
not predictable a priori.

For the profile modification, the pro-
gressive tip relief only was used (avoid-
ing the root relief as being hard to 
implement), with variations of 10 val-
ues between 0 and the value necessary to 
compensate the deformation of the tooth 
at the maximum torque, between the long 
one and the short one (Re. 18). As already 
stated, the best combination is the one 
maximizing the safeties against bending 
and pitting with the given spectrum.

Since it is not possible to establish 
whether the optimal relief value and the 
optimal crowning value, when combined, 

Figure 5  Gear body FEM calculation (Refs. 10 and 15).

Figure 6  Contact trace at the max torque calculated with the LTCA before optimization (A) and after optimization (B).
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lead to the optimal solution, the two 
research loops should be nested. In this 
phase we have merely conducted a visual 
check of the contact trace calculated with 
the LTCA in the various load conditions 
present in the spectrum.

Subsequent calculations. Once the 
macro-geometry and micro-geometry of 
the gears was defined, transmission noise 
and efficiency were assessed. Although 
these should be design values, in this case 
we identified them subsequently.

FFT of the TE. The graph of the 
Fourier spectrum for transmission error 
was generated for 10 levels from 1% to 
100% of the maximum torque (Fig. 7).

Efficiency map. In order to evaluate 
the overall efficiency of the transmission, 
an efficiency map like the one in Table 3 
was used. The table is blank, it’s only an 
example. It was filled for the project but 
not shared in this paper.

To complete this, the transmission cal-
culation model implemented the power 
losses due to the bearings, sealing and 
meshing, with an approach similar to the 
one described in (Ref. 19). Without going 
into detail, we can simply recall that the 
losses on the bearings follow the formulas 
of the catalogue (Ref. 20), sealing losses 
(Ref. 21) and meshing losses (Ref. 22). 
This is the same calculation model as the 
thermal capacity according to ISO/TR 
14179 (Ref. 23). In this case the system 
temperature was set at 40°C and 80°C 
and the contribution of oil churning was 
not considered, since this would have 
required a CFD analysis to obtain realis-
tic results.

Backlash. The LTCA is the calcula-
tion of the tooth deformation: it’s a good 
opportunity to calculate the backlash, 
that is a function of the load.

It is not possible to avoid checking the 
meshing of the macrogeometry concen-
trating exclusively on optimization the 
microgeometry. A wrong choice of the 
tolerances of the tooth thickness in the 
first step of the design could generate 
interference and wear under load.

Figure 8 shows the decrease of the 
backlash as the input torque increase. 
If the input torque is bigger than the 
marked value, there will be wear by inter-
ference on the teeth.

Figure 7  FFT of Transmission Error for a torque level.

Figure 8  Backlash vs Torque; the value is calculated taking in account all deformation already 
considered in the LTCA.

Table 3  Empty example of efficiency map
Input speed
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qu
e

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
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Compound Epicyclic for Hybrid 
Transmission
Description of kinematics. The expe-
rience acquired in the activities above 
described was then applied on the hybrid 
transmission (Fig. 9). In this case too, the 
kinematic layout was applied to different 
products.

In general, the core of the hybrid trans-
mission is the need to mix in the same 
axle (the one to the wheels) the torques 
coming from two completely different 
engines, the electric one and the IC one, 
which have very different speeds. Also, 
as seen in the previous case, the electric 
engine has the double operation mode 
motor/generator.

In this case, the bevel gear differential 
mixes the torque coming from the IC 
engine (upstream from the parallel stage) 
and the electric engine (connected to the 
epicyclic gearset, which provides two dif-
ferent speeds).

There follows a description of the 
design activity regarding only the com-
pound epicyclic gearset (Fig.10).

The input is on the first sun zs1, con-
nected with a double planet gear zp1|zp2. 
There is only one ring zr which is fixed. 
The outputs can be the second sun zs2 or 
the planet carrier.

If the second sun is neutral, the ratio 
n1/nc is from Equation 2 as stated in 
Figure 3 and Table 2B of (Ref. 24). An 
example of the Ravigneaux graphic 
method for this configuration is in Figure 
11, as explained in (Ref. 25).

In the other case, the transmission 
ratio is calculated solving the Equation 
3, where the Willis formula is applied as 
usual for simple epicyclic, when the input 
is the carrier, the output is the sun and 
the ring is fixed.

(2)n1 = 1 + zr ∙ zp1
nc zs1 ∙ zp2

(3)n2 = 1 + zr
nc zs2

where
n1, n2 and nc are the speed of sun1, 

sun2 and carrier
zs1, zp1, zp2, zr, zs2 are the number of 

teeth of the gears (Fig. 10)

Design requirements. The design 
objectives are two well defined transmis-
sion ratios i1 and i2.

The constraints are both the geom-
etry (radial and axial max dimensions) 
and the load capacity, with 5 load spectra 

Figure 9  Parallel transmission for hybrid vehicle with IC and E motors.

Figure 10  Compound epicyclic; it is used in hybrid passenger cars but also in bikes (Ref. 26).

Figure 11  Ravigneaux graphic method for the calculation of the ratio nc / n1 of the compound 
epicyclic of the previous figure.
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being set in the various operating conditions:
1. Electric drive speed 1
2. Electric drive speed 2
3. Electric coast speed 1
4. Electric coast speed 2
5. IC drive

Out of all the possible solutions, the least noisy one should be 
chosen.

Design steps. The first phase involved seeking all the combi-
nations of teeth leading to the two transmission ratios.

As in the previous case, a VBA macro was developed on Excel 
to generate and filter variants. This is a series of nested loop 
on the number of teeth zs1, zp1, zp2, zr, zs2 filtered on assembly 
requirements: a factorizing planetary geartrain (as described 
in (Ref. 24)), with planet gears mounted with equidistant spac-
ing. An indication of the module respecting spatial criteria was 
made by setting the addendum factor and using it to calculate 
the tip diameters of the various gears (except for the x factor). 
This enabled to draw up an initial list (Fig. 12).

The choice of a high addendum (HCR) is typical in the auto-
motive industry. It ensures quiet operation without adverse 
effects on resistance (Ref. 28).

The variants found on Excel were then developed in greater 
detail on a gear analysis and optimization software, to define the 
profile shift coefficient, balancing the specific sliding and thus 
to calculate their resistance and the noise level.

In order to rapidly evaluate the noise level of a pair of gears, 
at least for purposes of comparison with other similar solutions, 

the Sato formula (Eq. 4) (Ref. 29) was used. It comprises the 
variables linked to the load (power and speed), the macro-
geometry (contact ratio and transmission ratio) and accuracy 
(dynamic factor). More in-depth calculation would require 
LTCA (Masuda formula, Eq. 5 from the same reference), but 
also a timespan too long to compare hundreds of solutions.

(4)
L = 20 ∙ (1 – tan (β/2)) ∙ 8√u + 20 ∙ log W

fv
4√εα

(5)
L = 20 ∙ (1 – tan (β/2)) ∙ 8√u √ 5.56 + √v + 20 ∙ log W + 20 ∙ log X~ + 204√εα 5.56

where
 L is the overall noise level at 1 meter from a gearbox in 

dB(A)
 β is the helix angle
 u is the gear ratio
 εα is the transverse contact ratio
 W is the transmitted power in hp
 fv is the speed factor, analogous to the AGMA dynamic 

factor v.
 v is the pitch line speed in m/s
 X~ is the vibration displacement amplitude normalized by 

static deflection and it can be calculated by TCA
Once the optimal solution (the one respecting geometric 

requirements, transmitting the two set ratios, maximizing resis-
tance and low noise level) is found, the next step was to define 
the micro-geometry as in the case of the electric transmission, 
while avoiding modifications of the teeth on the internal crown.

In the case of the hybrid transmission, the efficiency map 
was newly compiled for 2 temperatures (40°C and 80°C) but 

Figure 12  Excel macro sample with nested loop for generation of variants. It involves only some geometrical variables, 
leaving the strength calculation to a next step. A different approach is used by (Ref. 27) to design of minimum 
volume spur and helical gearsets, considering pitting, bending and scuffing resistance.
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20. SKF. 2013, Rolling Bearing Catalogue, PUB BU/
P1 10000/2 EN.

21. Simrit. 2007, Technical Manual, Freudenberg 
Simrit GmbH & Co. K.

22. Niemann, G. and H. Winter. 2013, 
Maschinenelemente: Band 2: Getriebe Allgemein, 
Zahnradgetriebe — Grundlagen, Stirnradgetriebe, 
Springer, Berlin.

23. ISO. 2001, “Gears — Thermal Capacity,” ISO/TR 
14179-1, ISO/TR 14179-2.

24. AGMA. 2016, “Design Manual for Enclosed 
Epicyclic Gear Drives,” ANSI/AGMA 6123-C16.

25. Henriot, G. 1983, Traité Théorique et Pratique 
des Engrenages, Dunod, Paris.

26. Hsin-Sheng, L. and H. Long-Chang. 2004, 
Creative Design of Three-Speed Automatic 
Speed Changer, The Triz Journal.

27. AGMA. 1992, “A Rational Procedure for the 
Preliminary Design of Minimum Volume 
Gears,” AGMA 901-A92.

28. Schult, C.D. 2014, High Contact Ratio Gearing: 
A Technology Ready for Implementation?, 
AGMA 14FTM06.

29. Masuda, T., T. Abe and K. Hattori. 1986, 
“Prediction Method of Gear Noise Considering 
the Influence of the Tooth Flank Finishing 
Method,” Journal of Vibration, Acoustics, Stress, 
and Reliability in Design, 108 (95) pp. 95–100.

30. Gleason Corp. GEMS software and manuals, 
www.gleason.com.

31. Langhart, J. 2018, “Design of Bevel and Hypoid 
Gears with Integration to Manufacturing,” 
International Gear Conference, Lyon-France.

in all the 5 operational cases indicated 
previously.

Further development
The analyses required did not include 
the optimization of contact for the bevel 
gears. In any case, the same approach can 
be used as for cylindrical gears: exchange 
of data between the calculation of defor-
mation of shaft and gears from the soft-
ware (Ref. 10) to (Ref. 30) for LTCA 
and definition of the microgeometry, as 
described in (Ref. 31). The bevel planet of 
the differential gears should be calculated 
with a static (fixed) torque, independent 
from the motor: the slip torque of the 
wheels.

A next step for a faster optimization 
could be the definition of an object met-
ric to evaluate the contact pattern, i.e. the 
percent of full contact or the position of 
the max pressure in the grid of the tooth 
flank.

Conclusions
The paper is not the proof of a discovery, 
but it is the description of a method: the 
optimization of the microgeometry for 
cylindrical gears. The method has been 
applied and described on some transmis-
sions with helical gears and compound 
epicyclic, used on different hybrid vehi-
cles. However, the method is also valid 
for industrial gearboxes.

Since the objective is “micro,” it has 
been seen that it is necessary to pay atten-
tion to the “smallest” causes of deforma-
tion of the geometry to optimize, in par-
ticular the deformation of shafts, bear-
ings, housing as well as of tooth as a can-
tilever on flexible gear body.

It has been seen that the objectives are 
manifold and of different types: on the 
one hand the safeties against bending and 
pitting, which are indicators summariz-
ing the load history, and on the other 
hand the trend of the transmission error, 
of the maximum pressure, of the noise 
and of the efficiency over the load.

It has also been pointed out that the 
deformations taken into consideration 
also influence the backlash between the 
teeth in operation, which must therefore 
be verified and guaranteed at the maxi-
mum torque, the condition that further 
reduces the backlash.

All these calculations are possible with 
commercial software already known and 

widespread.
Finally, in the case of a planetary com-

pound, a simple algorithm for optimizing 
the macrogeometry was proposed, intro-
ducing the existence of multi-objective 
optimization software. 
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